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SEPARATION SCIENCE AND TECHNOLOGY, 25(4), pp. 397-435, 1990 

Overload Quasi-Static Linear Gradient Chromatography: 
Theory Versus Hydroxyapatite High-Performance Liquid 
Chromatography 

TSUTOMU KAWASAKI and MAKOTO NIIKURA 
CHROMATOGRAPHIC RESEARCH LABORATORY 
KOKEN BIOSCIENCE INSTITUTE 
3-5-18 SHIMO-OCHIAI. SHINJUKU-KU. TOKYO 161, JAPAN 

Abstract 

The earlier theory of quasi-static linear gradient chromatography under over- 
load conditions is improved. The quasi-crystalline phase model for the molecules 
adsorbed on the adsorbent surfaces in the column is specified; this model was in- 
troduced earlier, and it is used in the present theory. A close experimental verifica- 
tion of the theory is carried out for the case of hydroxyapatite high-performance 
liquid chromatography using both turkey and chicken egg white lysozymes as 
probes. It can be deduced that a quasi-crystalline phase of lysozyme molecules, in 
fact, is realized on the hydroxyapatite surfaces in the column. The mutual interac- 
tion energy per molecule of lysozyme occurring provided the maximum possible 
contact with other molecules is made on the hydroxyapatite surface can be es- 
timated to be larger than 0.2-0.4 kcal/mol. 

INTRODUCTION* 

Earlier (Z-J), the approximate theory of quasi-static linear gradient 
chromatography under overload conditions was developed for a mixture 
of molecules with the same dimensions and the same shape, taking into 

*Abbreviations. HA, hydroxyapatite. HPLC, high-performance liquid chromatography. @, 
inside column diameter. Buffer A, potassium phosphate buffer at pH z 6.8. P, pressure drop. 
T, temperature. 

397 

Copyright Q 1990 by Marcel Dekker, Inc. 

D
o
w
n
l
o
a
d
e
d
 
A
t
:
 
1
2
:
5
1
 
2
5
 
J
a
n
u
a
r
y
 
2
0
1
1



398 KAWASAKI AND NllKURA 

account both the mutual interactions among molecules occurring on the 
adsorbent surface and the longitudinal diffusion in the column. The first 
purpose of the present work is to slightly modify this theory and to specify 
it in order for it to be compatible with the new concepts that are involved 
in the general theory of quasi-static linear gradient chromatography with 
small sample loads that has been developed recently (4-6); the relation- 
ship between the overload theory (1-3) and the small load theory (4-6) is 
argued in detail in Ref. 6. The second purpose is to give a close experi- 
mental verification of the specified overload theory for the case of hy- 
droxyapatite (HA) high-performance liquid chromatography (HPLC) by 
using both turkey and chicken egg white lysozymes as probes. 

In another series of papers (7-14, the fundamental mechanism of 
overload gradient chromatography was explored by using an ideal mole- 
cular model with infinite dimensions. Especially in Ref. 11, the work (7- 
10) was improved and specified in order for it to be compatible with the 
new concepts that are involved in the theory in Refs. 4-6; this gives the 
foundation of the present work. Thus, an important conclusion was at- 
tained in Ref. 11 that the molecules adsorbed on the absorbent surfaces in 
the column under overload conditions are usually repulsively interacting 
with one another, and that the total shape of the chromatogram strongly 
depends upon what type of phase is realized by the molecules adsorbed 
on the adsorbent surface. Especially with molecules with an asymmetrical 
shape such as those represented by a rod or a prolate spheroid [most of the 
protein molecules are more or less asymmetrical in shape, and a lysozyme 
molecule can approximately be represented by a prolate spheroid of 
dimensions 45 X 30 X 30 A (12)], two models were proposed for the phase 
of the molecules realized on the adsorbent surface (11). Thus, in the first 
model (called an  amorphous phase model), the molecules are situated at 
random on the adsorbent surface, maintaining a parallel orientation with 
one another (see below), whereas in the second (called a quasi-crystalline 
phase model), the positions of the molecules (arranged in parallel with 
one another) are restricted to one another due to the energetic interaction 
among them through the side of the rod (or the prolate spheroid); on the 
basis of statistical-mechanical consideration, it can, in general, be 
assumed that the molecules (with a more or less elongated shape) are 
arranged in parallel with one another on the adsorbent surface in order to 
avoid the mutually superimposed state, provided the molecular density on 
the adsorbent surface is high enough (for details, see Ref. 11). Further, by 
introducing the competition model for the adsorption and desorption 
phenomena occurring in the column, it was concluded (11) that a 
chromatogram rectangular in shape is obtained provided the amorphous 
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OVERLOAD GRADIENT CHROMATOGRAPHY 399 

phase is realized on the adsorbent surface whereas a right-angled- 
triangular chromatogram with tailing is obtained provided the quasi- 
crystalline phase is realized; the competition model states that sample 
molecules (with adsorption groups) and particular ions from the buffer 
constituting the molarity gradient compete for adsorption on the sites that 
are arranged in some manner on the surfaces of the packed particles in the 
column (for details, see Ref. 11). The fact that chromatograms with a 
shape close to a right-angled triangle with tailing are often experienced 
under overload conditions implies that the quasi-crystalline phase is 
realized in many actual instances (11). 

In Appendix I, the quasi-crystalline phase model is specified. In Appen- 
dix 11, we mention how the present theory, in which both the amorphous 
and the quasi-crystalline phase models are introduced, approaches the 
theory of the earlier paper (11) when the dimensions of the sample 
molecules increase and approach infinity. 

In the present work, by comparing the new theory with the experiment, 
it is deduced that a quasi-crystalline phase, in fact, is realized on the HA 
surfaces in the column with both turkey and chicken lysozymes as well as 
with a mixture of them; the interaction energy per molecule of lysozyme 
occurring, provided the maximum possible contact with other molecules 
is made on the HA surface, can be estimated to be larger than 0.2-0.4 kcall 
mol. 

In the introductory part of an earlier paper (13), the concrete structure 
and the arrangement of the adsorbing sites on the crystal surface of HA 
are mentioned. Thus, it can be deduced (13) that two types of main surface 
[a (or b) and c surfaces] appear on a crystal. On the c surface, negatively 
charged adsorbing sites (called P sites) are arranged in a hexagonal man- 
ner with the minimal interdistance equal to 9.42 A (13). Lysozyme 
molecules (with a basic isoelectric point) are adsorbed onto P sites by 
using positively charged adsorption groups (&-amino and guanidinyl 
groups) that are arranged in some manner on the molecular surface (13, 
14). Potassium ions from the Buffer A molarity gradient [for Buffer A, see 
Experimental Section (A)] are also adsorbed onto P sites, and competition 
occurs between lysozyme molecules and potassium ions from the buffer 
for adsorption onto P sites. 

The parameters m, g’, etc. appearing in the Theoretical Section are 
therefore concerned with potassium ions from the buffer. Nevertheless, in 
the Experimental Section, the experimental data will be expressed by 
using the parameters concerning phosphate ions from the buffer (with 
values 2/3 times as large as those for potassium ions), in accordance with 
the common practice. In fact, molecules with an acidic isoelectric point 
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400 KAWASAKI AND NllKURA 

are usually absorbed onto positively charged adsorbing sites (called C 
sites) that are arranged on the a (orb) crystal surface of HA, and they com- 
pete with phosphate ions from the buffer for adsorption (13). In order to 
arrange all the chromatographic data (including those for molecules with 
unknown isoelectric points), it is convenient to apply the commonly used 
expression of the parameters. 

THEORETICAL 

(A) Theoretical Chromatogram in the Absence of Longitudinal 
Diffusion in the Column 

In the Ref. 6 Appendix the general theory of quasi-static linear gradient 
chromatography with small sample loads is summarized. 

Equations (Al)-(A18) in the Ref. 6 Appendix are even valid under 
overload conditions where mutual molecular interactions occur on the 
adsorbent surfaces in the column [see Ref. 6, Discussion Section (B)], of 
which Eq. (A17) (under overload conditions) can be rewritten as simul- 
taneous equations for the respective components (1,2, . . . , p) of the sam- 
ple mixture as 

In Eq. (l), fiPv, (where p' = 1,2,. . . , p) represents the molecular density of 
component p' of the sample mixture on the adsorbent surface; m is the 
molarity of the gradient element (i.e., substances constituting the grad- 
ient) in the column; B,,.)(rn, &,), &?), . . . , &,)) is the partition of component 
p' in the mobile phase in a vertical column section, or the ratio of the 
amount of molecules in the mobile phase to the total amount of compo- 
nent p' in that column section; and s is defined as 

s = gL (2) 
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OVERLOAD GRADIENT CHROMATOGRAPHY 401 

where L and g represent the length of the column and the slope of the 
molarity gradient, respectively. g is expressed as an increase in molarity 
per unit length of the column measured from the outlet to the inlet of the 
column in order for s to have a dimension of molarity. [In the earlier 
papers (4-6), s is defined as the product of the slope,g', of the gradient ex- 
pressed as an increase in molarity per unit interstitial volume of the 
column and the total interstitial volumes, L', of the column. It is evident 
thatg'l' = gL.] The molecular flux participating in Eq. (1) is called the in- 
termediate abstract flux (3), and Eq. (1) represents the fundamental 
simultaneous continuity equations both in the presence of mutual molec- 
ular interaction on the adsorbent surface and in the absence of lon- 
gitudinal diffusion in the column (3, 6). 

Under Approximations (a)-(d) in the Ref. ZZ Theoretical Section (B), 
Eq. (1) reduces to Eq. (1) in Ref. 3 (which also appears as Eq. 39 in Ref. ZZ), 
or to 

in which 

x = 2 X(P") 
p" = I  

(4) 

represents the total molecular density on the adsorbent surface, being nor- 
malized in order for it to be comprised between 0 and 1. 

In Ref. 3, by introducing the competition model (Introduction Section), 
the theoretical chromatogram~p,),(m), for a component p' of the mixture 
of molecules with the same dimensions and the same shape has been 
calculated on the basis of Eq. (3). For this calculation an  assumption is 
used that a molecular band with an  infinitesimal width is formed initially 
at the inlet ofthe column (see Ref. 3). This assumption, although untrue, is 
reasonable for the final result of the calculation since the width of the 
molecular band occurring during its migration on the column (to be pre- 
cise, the migration on the hypothetical column with an infinite length) is 
usually much larger than the width of the initial band occurring in the 
vicinity of the column inlet. In the present work the calculation method in 
Ref. 3 is slightly modified by replacing the parameters (Eq. 2) with the new 
parameter s' , defined as 

i = g t  
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402 KAWASAKI AND NllKURA 

in which i represents the distance between the center of the initial 
molecular band with a finite width (occurring in the vicinity of the column 
inlet) and the outlet of the column. With this modification the theoretical 
chromatogram (Eqs. 43 and 44 in Ref. 3, or Eqs. 3 and 4 in Ref. 2) can be 
rewritten as 

and 

where &,,)plays the role of an intermediate parameter. The term l/?&,& 
on the right-hand side of Eq. (6) (which does not appear in Eq. 43 in Ref. 3 
that corresponds to Eq. 6) is to normalize the total chromatogram,Z$,, 
AP,,i (m),  such that 

In both Eqs. (6) and (7), 'p represents a positive constant characterizing the 
competing ions constituting the molarity gradient in the column. x' is the 
number of adsorbing sites on the adsorbent surface on which the adsorp- 
tion of competing ions is impossible due to the presence of an adsorbed 
molecule; X' therefore represents the effective dimensions of the molecule 
assumed to be the same for any component of the mixture. &:), . . . , 
fi*-,, . . . , xc*,, [which are also involved in the function ~ p 8 ) ( ~ p ~ ) )  as para- 
meters; see below], respectively, are the amounts of components 1,. . . , 
p", . . . , p loaded initially on the column, expressed in a unit such that xtp.) 
= 1 provided the whole column is saturated only with component p", m, is 
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OVERLOAD GRADIENT CHROMATOGRAPHY 403 

the initial molarity of competing ions at the beginning of the gradient. q(p,) 
is defined as 

in which E(p,) represents the absolute value of the interaction energy with 
adsorbing site(s) per molecule of component p' occurring provided the 
molecule is isolated on the adsorbent surface (for details, see Refs. 15 and 
16); t(,.), the configurational entropy factor per molecule of component p' 
occurring provided the molecule is isolated on the adsorbent surface (for 
details, see Refs. 15 and 16); and p, a positive constant related to the prop- 
erty of the column (for details see Ref. 17). 

The function Y(p,)(&p,)) in Eqs. (6) and (7) is defined as 

in which 

and x is represented as a function of &p,, a. 

The function H(x) (Eq. 11) is concerned with mutual molecular interac- 
tions occurring on the adsorbent surfaces in the column, the numerator 
and the denominator on the right-hand side of Eq. (1 1) representing the 
energetic and the geometrical interaction, respectively. Thus, I? [which is 
equivalent with XI(,.$ in Ref. 111 represents the interaction energy (to be 
precise, the apparent interaction energy; see the Discussion Section) per 
molecule occurring provided the maximum possible contact with other 
molecules is made; in the usual case of repulsive interactions, I? > 0 (cf. 
the Introduction Section). The function ( ( x )  can, in general, be assumed 
(11) to increase with an increase of x, being equal to zero and unity when x 
is zero and unity, respectively. [It should be noted that &(x) is equivalent 
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404 KAWASAKI AND NllKURA 

with E&(x) in Ref. 11.1 In Ref. 11. two possible approximate forms of the 
function ((x): 

and 

have been proposed. Equations (13) and (14) can be considered to hold 
provided the amorphous and the quasi-crystalline phase of the molecules 
are realized on the adsorbent surface, respectively [Introduction Section; 
for detail, see Discussion Section (A) in Ref. 11 and Appendix I]. Finally, 
the function p*(x )  represents approximately the probability that, when a 
new molecule is added at random to the adsorbent surface, a proportion x 
of which is already occupied by molecules, it is not superimposed on the 
already adsorbed molecules (for details, see Refs. 15 and 16). Therefore, 
p*(x) can approximately be represented as 

The asymptotic expression of the theoretical chromatogram (Eqs. 6 and 
7) occurring whenx’ = a3 has been derived in Ref. I1 (see the Introduction 
Section); this is presented as Eqs. (A4a)-(A4c) in Appendix 11. 

(6) Approximate Expression of the Theoretical Chromatogram in 
the Presence of Longitudinal Diffusion in the Column 

Both in the absence of mutual molecular interaction and in the pres- 
ence of longitudinal diffusion in the column, the theoretical chromato- 
gram for any component of the mixture can be calculated on the basis of 
Eq. (A21) in the Ref. 6 Appendix. The chromatogram,j”, realized when a 
molecular band with an  infinitesimal width is formed initially at the inlet 
of the column, can be represented in an approximate Gaussian form (Eq. 
43 in Ref. 4)  which can be written as 
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OVERLOAD GRADIENT CHROMATOGRAPHY 405 

where, by introducing the competition model (Introduction Section), p(s) 
and o(s;g) can be represented as Eqs. (45) and (46) in Ref. 4, or as 

1 
cp 

p(s) =- ( [ ( x '  + I)cpqs + ('pmi, + I ) x ' + ' ] l ' ( x ' + l )  - 11 (17) 

and 

respectively; the parameter 0, (with a dimension of length) in Eq. (18) 
measures the longitudinal diffusion in the column. [In the earlier papers 
(4-6), the parameter 0 = O,,g/g' was considered instead of 0,; forg', see the 
explanation of Eq. 2.) It can, in general, be assumed [see Ref. 5 Discussion 
Section (C)]  that Oo (or 0) depends upon both the slope g (or g') of the 
molarity gradient and the type of the sample molecule. With a mixture of 
molecules with the same dimensions and the same shape, 0, (or 0) can be 
assumed to be independent of the molecular type, however [cf. Ref. 5 Dis- 
cussion Section ( C ) ] .  

As far as molecules with the same dimensions and the same shape are 
concerned,cp, m,,,g,x', and 0, in both Eqs. (17) and (18) are constant, inde- 
pendent of the molecular type (for O0, see above). This means that if q 
(which characterizes the molecular type) is given, then the chromatogram 
(Eq. 16) is determined. It should be noted, however, that ifq is given, then p 
is determined, and vice versa (see Eq. 17); this means that the chro- 
matogram (Eq. 16) is determined if p is given. Further, it is possible to con- 
sider that Eq. (16) represents the molecular dism'bution occurring provoked 
by dzflusion on the molarity gradient at "time" s (second point of view on 
gradient chromatography) rather than the chromatogram (first point of 
view on gradient chromatography; for the two points of view, see Ref. 4 
Appendix 11), and that the extent of the molecular distribution is deter- 
mined if the position, p, on the molaritygradient is given. Therefore, writing 
G,,[m;p,o(p)] instead off"[m;p(s),o(s;g)], and replacing s by 3:  

would represent approximately the chromatogram for component p' of 
the mixture occurring in the presence of both mutual molecular interac- 
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406 KAWASAKI AND NllKURA 

tions on the adsorbent surfaces and longitudinal diffusion in the column. 
It is easy to show that Eq. (19) coincides with Eq. (16) [in which the 
parameter q is replaced by q(p,); cf. Eqs. 17 and 181 at the limit of no 
molecular interactions with the infinitesimal sample load; this can be 
shown on the basis of the fact that Eqs. (43) and (44) in Ref. 3 [which are 
equivalent with Eqs. 6 and 7 except for the term 1/$.=, on the right- 
hand side of Eq. 61 converge into Eq. (31) in Ref. 3 at this limit. 

The total chromatogram,fi,&m), can be represented as 

which is normalized such that 

It should be noted that Eq. (20) is the improved expression of Eq. (24) in 
an earlier paper (2). 

EXPERIMENTAL 

(A) Materials and Methods 

Both spherical HA particles (with diameters of about 5 pm; cf. Refs. 28 
and 29) and HA-packed SUS316 stainless steel columns (KB columns; 
Koken Co. Ltd., Tokyo, Japan) were prepared in our laboratory. The in- 
side column diameter was always 6 mm; lengths of 0.5,1,3,10, and 30 cm 
were prepared. The 3-cm column was used as either a precolumn or a 
main column. If a large overall column length was necessary, it was pro- 
vided by connecting 30-cm columns in series by using fine tubes. 

The ratio of the void volume to the total packed volume of the HA crys- 
tals in the column was estimated by using the two following methods. 
Thus, in the first method, the dry weight of the packed crystals was es- 
timated. The dry crystal volume was calculated on the basis of the crystal 
structure of HA [Ca,o(P0,)6(OH),; cf. Ref. 231, and the ratio in question 
was estimated to be 0.798 from the dry crystal volume. In the second 
method, the time that is necessary for a pulse of sucrose solution to pass 
through a column was measured, and the ratio in question was estimated 
to be 0.823 on the basis of the assumption that the migration velocity of 
sucrose is equal to that of the solvent (water) (for details, see Ref. 20). We 
will hereafter use the latter value of 0.823 for all the calculations. 
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OVERLOAD GRADIENT CHROMATOGRAPHY 407 

The HPLC experiments were carried out by connecting the column to 
an HPLC pump. Thus, the sample molecules dissolved in 1 mM po- 
tassium phosphate buffer at pH =: 6.8 (i.e., an equimolar mixture of 
K2HP04 and KH,P04; called Buffer A. 1 mM is the value concerned with 
phosphate ion in the Buffer A.) was injected into the column (or the 
column system) by using the injector settled between the HPLC pump and 
the column inlet; this was followed by a rinsing process carried out by 
using the 1-mM Buffer A. During this process, virtually all the molecules 
(except denatured minor components) stayed in the stationary phase (i.e., 
on the surface of the adsorbent) in the vicinity of the column inlet, form- 
ing a band (cf. Fig. 1). Material was then eluted using a linear molarity 
gradient of Buffer A. The sample elution was monitored by measuring the 
ultraviolet absorption (at 280, 300, or 305 nm) in a flow cell. At the same 

1 .o 

h 

E 
E 
r*1 0.8 \ 

v 2 
C 
0 

a 
L 
0 
u1 

0.6 

0.4 
3 
4 

a 

c 
.r( 

.CI 

.r( 

+I 

0.2 

0 

0 l o  20 
distance (mm) 

FIG. 1. The histogram shows the initial adsorption ofa mixture ofturkey (3.75 mg) and chick- 
en (3.75 mg) egg white lysozymes in the column as a function of the distance from the 
column inlet. The two curves obtained by connecting the filled and unfilled circles represent 
the contributions of turkey and chicken lysozymes to the total chromatogram, respectively. 

For details, see text. 
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408 KAWASAKI AND NllKURA 

time, the molarity gradient was monitored by measuring the refractive 
index in a special flow cell with a low angle. 

The width of the initial molecular band formed in the vicinity of the 
column inlet (see above) was estimated by the following way. Thus, by 
using the same method as in the case of chromatography (see above), the 
sample molecules dissolved in the 1-mM Buffer A was injected, with a 
flow rate of 0.5 mL/min, into a 3-cm column or 3-cm columns connected 
in series using fine tubes; this was followed by a rinsing process of 5-10 
min carried out by using the 1-mM Buffer A. The column contents (i.e., 
HA particles) were extruded from the inlet of the column(s) by pushing 
them from the outlet with a rod. The cylindrical mass of the HA particles 
extruded from the column was cut into slices with a thickness of 2 mm; 
each of them was then suspended in 5 mL of 0.5 M Buffer A with agitation 
in order to dissolve the sample molecules that had been captured on the 
HA surfaces into solution. The suspension was centrifuged, and the opti- 
cal density at 230 and/or 280 nm of the supernatant was measured in order 
to estimate the total amount of the sample molecules that had been pre- 
sent in the slice. 

The sample molecules applied to the experiment were limited to both 
turkey egg white lysozyme (Sigma) and chicken egg white lysozyme (P. 
L. Biochemicals). 

(B) Important Experimental Parameters 

Experimental parameters which will play important roles are defined 
below. 

m(p) and m(K+): phosphate and potassium molarity in Buffer A, respec- 
tively. m(K+) is 1.5 times as large as t ~ + ~ ) .  

mdu(P): elution phosphate molarity, i.e., the phosphate molarity in the 
Buffer A gradient at which the maximum height of the chromato- 
graphic peak is eluted. 

m,n(P): initial phosphate molarity, i.e., the phosphate molarity in Buffer A 
occurring before the Buffer A gradient begins. 

qp): approximate standard deviation (with a dimension of mM) of the 
chromatographic peak measured in terms of the phosphate molarity 
range of the Buffer A gradient over which the peak appears. qP) 
is defined as the half-width at 0.6065 times the maximum height of 
the peak; this is exactly equal to the standard deviation provided the 
peak has a precise Gaussian shape. 
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OVERLOAD GRADIENT CHROMATOGRAPHY 409 

L: total (overall) column length measured in centimeters. 
g{p, and g;,,(@ = 1 cm): gtP, represents the slope concerning the phosphate 

molarity gradient in the Buffer A gradient, measured in unit ofM/mL 
or mM/mL. g;,,(@ = 1 cm) represents the reduced g;,, to inside 
column diameter @ = 1 cm.g{,,(@ = 1 cm) is 0.36 (= 0.6’) times as large 
as g;p,. g (cf. Eq. 2 and the last paragraph in the Introduction Section) 
can be written in terms ofg;p,(@ = 1 cm) as 

n 
g = - (0.823)(1.5)g;,,(+ = 1 cm) 4 

= 0.970g{p,(+ = 1 cm) (22) 

where 0.823 represents the ratio of the void volume to the total packed 
volume of the HA crystals in the column [see Section (A)], and 1.5 is 
the molarity ratio between potassium and phosphate ions in 
Buffer A. 

sapHp): product ofg{,,(@ = 1 cm) and L. s (cf. Eq. 2) can be written in terms 
ofsapp(,) as 

qapp: experimental parameter related to q (cf. Eqs. 17 and 18) by the 
relationship 

q = qapp/0.970 

(C) The Width of the Initial Molecular Band as a Function of 
Sample Load 

For the calculation of the theoretical chromatogram under overload 
conditions [Section (E)), it is necessary to have knowledge of how xc*,., (Eq. 
12) and S (Eq. 5) change as functions of sample load. For this purpose it is 
sufficient to estimate the width of the initial molecular band occurring in 
the vicinity of the column inlet as a function of sample load. 

The histogram in Fig. 1 shows a typical example of the initial adsorp- 
tion of a mixture of turkey (3.75 mg) and chicken (3.75 mg) egg white 
lysozymes in the column as a function of the distance from the column 
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410 KAWASAKI AND NllKURA 

inlet; the amount of molecules involved in a 2-mm slice of the column 
contents (extruded from the column) is represented by a portion of the his- 
togram (with a width of 2 mm). This has been estimated by using the 
method in Section (A), taking into account the fact that both turkey and 
chicken lysozymes have virtually the same ultraviolet adsorption coeffi- 
cient. It can be seen in Fig. 1 that the distribution is almost rectangular in 
shape, with a total width of 16 mm. 

Two curves obtained by connecting filled and unfilled circles in Fig. 1 
represent the contributions of turkey and chicken lysozymes to the total 
histogram as estimated by chromatographing molecules contained in 
each portion of the histogram on an HA column, respectively. This is feas- 
ible since both types of lysozyme can almost completely be separated 
from each other on the HA column under small load conditions (cf. Fig. 
6k), and the amount of molecules contained in a chromatographic peak 
can be estimated by measuring the area occupied by the peak. 

The points in Fig. 2 are plots of the width of the initial molecular band 
versus total sample load for turkey and chicken lysozymes, and the 1 : 1 
mixture of them. It can be seen in Fig. 2 that the relationship between 
band width and sample load is virtually independent of the type of the 
molecule, and that band width, in general, increases linearly with an in- 
crease in sample load. The straight line in Fig. 2 represents the regression 
line (passing through the origin) of band width on sample load. 

(D) Preliminary Experiments under Conditions of Small 
Sample Loads 

The first purpose of this subsection is to determine the function f" 
[m;p(s),a(s;g)] (Eq. 16) or the function G;,[m,p,a(p)] (Eq. 19). For this pur- 
pose it is sufficient to evaluate the parameters cp,  x', and O0 that are in- 
volved in Eq. (16) or both Eqs. (17) and ( 1  8). When once the parameters cp, 
x', and O,, are evaluated, q and p can be considered to be functions of each 
other (see Eq. 17), and G;,g can finally be represented as a function of 
both m and q or both m and p. [The method of the evaluation of the 
parameters cp, x', and O0 is similar to that applied in an  earlier paper (14) 
for the case of the column packed with plate-like HA crystals. In order to 
facilitate the understanding of the work in this subsection, the reader is 
recommended to first see Ref. 14.1 The second purpose consists in evaluat- 
ing the parameters q (cf. Eqs. 17 and 18 or qPt) (cf. Eqs. 9 and 12) for both 
turkey and chicken lysozymes. This will be performed at the same time 
with the evaluation of the parameters x', cp, and 0,. 
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0 
0 10 20 30 

load (mg) 

F’Ic. 2. The points are plots of the width of the initial molecular band versus total sample load 
for turkey (0) and chicken (0) lysozymes, and the 1:1 mixture (0) of them. The straight line 

is the regression line (passing through the origin) of band width on sample load. 

Figures 3(a) and 3(b), respectively, represent melU(,) and qP) for the chick- 
en lysozyme chromatographic peak as functions of flow rate when L = 13 
cm,g;,, = 6.94 mM/mL kip,(@ = 1 cm) = 2.5 mM/mL], = 1 mM, and 
sample load = 30 pg. [By using the regression line in Fig. 2, it can be es- 
timated that the width of the initial molecular band occurring when the 
sample load is 30 pg is only 0.08 mm, being virtually infinitesimal in com- 
parison with the total column length (13 cm).] It can be seen in Fig. 3(a) 
that melU(,) is virtually independent of flow rate, being consistent with the 
first principle of chromatography (Ref. 4, Appendix 111). All the ex- 
periments below will be performed by using a flow rate of 0.5 mL/min. 

The points in Fig. 4(a) are experimental plots of m,,(,, for turkey 
lysozyme versus L for two differentg;,, (org;p) (@ = 1 cm)] values: 6.94 (or 
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FIG. 3. (a) and (b) qp) for chicken egg white lysozyme as functions of flow rate as ob- 
tained when L = 3 + 10 = 13 cm,gtp, = 6.94 mM/mL &$@ = 1 cm) = 2.5 mM/mL], and sam- 
ple load = 30 pg. Other experimental conditions are: m,p)  = 1 mM, P = 0.9-4.5 m a .  T = 

22.2-25.5"C. 
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OVERLOAD GRADIENT CHROMATOGRAPHY 41 3 

2.5) and 3.47 (or 1.25) mM/mL; the corresponding sample loads are 15-25 
and 15-40 pg, respectively. It can be seen in Fig. 4(a) that the dependence 
of melu(p) upon L differs when the g[p) applied is different, giving two 
arrangements of the experimental points. 

The points in Fig. 4(b) are plots of rndu(p) versus In safdp) instead of L for 
the experimental points in Fig. 4(a). It can be seen in Fig. 4(b) that the two 
arrangements of the experimental points in Fig. 4(a) converge into a single 
arrangement. 

The points in Fig. 4(c) are experimental plots of qP) versus L for the 
points for g;p, = 6.94 mM/mL in both Figs. 4(a) and qb).  

The points in Figs. 5(a)-(c) are experimental plots for chicken lysozyme 
that correspond to those shown in Figs. 4(a)-(c) for turkey lysozyme, res- 
pectively. In Figs. 5(a)-(c), however, the experiment has been carried out 
over a wider range of the column length, and in Figs. 5(a) and 5(b), four 
different g;p, [or giP) (+ = 1 cm)] values: 13.9 (or 5.0), 6.94 (or 2.5), 3.47 (or 
1.25), and 1.25 (or 0.45) mM/mL have been applied; the corresponding 
sample loads are 16-30,20-60, 30, and 50 pg, respectively. The points in 
Fig. 5(c) only correspond to the points forg;,, = 6.94 mM/rnL in both Figs. 
5(a) and 5(b), however. 

The curves in both Figs. 4(b) and 5(b) are theoretical, calculated by 
using Eq. (17) in which the term qs has been replaced by q a f ~ a f d p )  by using 
both Eqs. (23) and (24). In Eq. (17), the parameter rn, has a value of 1.5 mM 
since min(p) = 1 mM, and the parameter [p (which characterizes competing 
potassium ions) has been assumed to be in the range of 10 to 5OM-I on the 
basis of chromatographic experiments carried out by using several basic 
proteins including both turkey and chicken egg white lysozymes (20). If 'p 
= 1 0 K 1 ,  best fits with the experiment can be obtained whenx' = 8 and In 
q,,, z 8.4, and when x' !z 8 and lnq,,, z 7.9 for turkey and chicken 
lysozyme, respectively. If 'p = 50M-', best fits can be obtained whenx' z 5 
and In q,,, z 11.9, and when x' z 5 and In q,,,, z 1 1.4 for turkey and chick- 
en lysozyme, respectively. The theoretical curves in both Figs. 4(b) and 
5(b) represent those that have finally been calculated by using a n  inter- 
mediate value, 25 M-', for the parameter +, where, in order to have best fits 
with the experiment, it has been asumed: x' = 5.7 and In q,,, = 10.1 [Fig. 
4(b)], and x' = 5.7 and In qapf = 9.5 [Fig. 5(b)]. 

The curves in Figs. 4(a) and 5(a) represent the theoretical curves in Figs. 
4(b) and 5(b) mapped on the ( L W ~ , , ( ~ ) )  plane, respectively. 

The curves in both Figs. 4(c) and 5(c) are theoretical, calculated by using 
Eq. (18) where a(s;g) = 1.5 qP), and, for the parameters y,x', and In q,,,, the 
same values as those used for the calculation of the theoretical curves in 
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0 10 2 0  3 0  

L (cm) 

FIG. 4. Points: Experimental plots of (a) mdu(p) versus L, (b) me/,,(,,, versus In sopp(p). and (c) 
o(p) versus L for turkey egg white lysozyme for two different giP, [or gip,(o = 1 cm)] values: 
6.94 (or 2.5) mM/mL (0) and 3.47 (or 1.25) mM/mL (0); the corresponding sample loads are 
15-25 and 15-40 pg, respectively. [In (c), only the data forgtp) = 6.94 mM/mL are shown.] The 
total column length, L, applied to the experiments are 0.5.1, 13 (= 3 + 10) and 33 (= 3 + 30) 
cm. Other experimental conditions are: = 1 mM, flow rate = 0.5 mL/min, P = 0.6-4.2 
MPa, T = 22.2-26.2"C. Curves in (a) and (b): theoretical curves calculated by using Eq. (17) 
(in which the term qs  is replaced byqup$upp(p) by using both Eqs. 23 and 24). where mi" = 1.5 
mM. CP = 25 M-', x' = 5.7, and In qapp = 10.1. Curve in (c): Theoretical curve calculated by 
using Eq. (18) where = 0.005 cm; for the parameters mi,,, 'P,x', and In qapp, the same values 
as those used for the calculation of the theoretical curves in both (a) and (b) have been used, 

and the parameter q has been evaluated from the parameter qapp by using Eq. (24). 
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FIG. 5. Points: As in Fig. 4 for chicken egg white lysozyme. The experiment was carried out 
over a wider range of the column length with addition of the total column length, L, of 63 (= 3 
+ 2 X 30) cm, and four differentgipJorg{p)(@ = 1 cm)] values: 13.9 (or 5.0) mM/mL (A), 6.94 
(or 2.5) mM/mL (0). 3.47 (or 1.25) M / m L  (0). and 1.25 (or 0.45) mM/mL (0) have been ap- 
plied; the corresponding sample loads are 16-30.20-60, 30, and 50 pg, respectively. [In (c). 
only the data forglp) = 6.94 mM/mL are shown.] Other experimental conditions that are dif- 
ferent from those in Fig. 4 are: P = 0.3-10.0 MPa, T = 21.0-29.7"C. Curves: As in Fig. 4, but it 

is assumed: In qopp = 9.5. 
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Figs. 4(a), qb),  5(a), and 5(b) have been used; the parameters In q for 
turkey and chicken lysozyme have been evaluated to be 10.1 and 9.5 from 
the In qopp values by using Eq. (24), respectively. As far as the parameter 0, 
is concerned, a value of O.OO5 cm has been obtained in both Figs. 4(c) and 
5(c) in order to have best fits with the experiment. 

In summary, best values of 25 M-',  5.7 and 0.005 cm, have been obtained 
for the experimental parameters cp,  x', and O,, respectively. At the same 
time, the parameters In q or In q(pr) for turkey and chicken lysozyme have 
been evaluated to be 10.1 and 9.5, respectively. These values will hereafter 
be used for all the calculations. 

(E) Experiments under Overload Conditions 

Figure 6 illustrates experimental chromatograms of turkey lysozyme 
[(a)-(e)], chicken lysozyme [(f)-(j)] and 1:l mixtures of both types of 
lysozyme [(k)-(n)] obtained for different sample loads when L = 13 cm, 
g'(p) = 6.94 mM/mL v(p,(cp = 1 cm) = 2.5 mM/mL] and = 1 mM. 
Filled and unfilled circles in Fig. 6(n) represent the contributions of 
turkey and chicken lysozyme to the total chromatogram as estimated on 
the basis of the rechromatography experiment, respectively. It can be seen 
in Fig. 6 that the position (or the phosphate molarity) at which a 
chromatogram begins migrates toward the left (or the low phosphate 
molarity) as the sample load increases; the width of the chromatogram in- 
creases, and the total shape of the chromatogram tends to be a shape close 
to a right-angled triangle with tailing at the same time. [It can also be seen 
in Fig. 6 that, under small sample load conditions (Parts (a), (0 and (k)), 
the Buffer A molarity gradient increases linearly with a lapse of time. 
Under overload conditions (the other parts of Fig. 6), however, the 
gradient is disturbed due to the presence of the chromatographic peak. 
This phenomenon can be considered to be apparent, mainly arising from 
the fact that the refractive index of the solution is disturbed; this is pro- 
voked by a quick change of the concentration of the sample molecules in 
the flow cell. For the monitoring method of the molarity gradient, see Sec- 
tion (A).] 

Figures 7(a)-(n) illustrate theoretical chromatograms that correspond 
to the experimental chromatograms shown in Fig. 6, calculated on the 
basis of the quasi-crystalline phase model using Eqs. (5)-(7), (lo)-( 12), 
and (14)-(20). For the calculation, both parameters S and x,$, have been 
evaluated for each sample load by using the regression line in Fig. 2; for 
the parameters 'p, x', O,,, q(l), and q(z) (where the suffixes 1 and 2 stand for 
turkey and chicken lysozyme, respectively), the values obtained in Section 

D
o
w
n
l
o
a
d
e
d
 
A
t
:
 
1
2
:
5
1
 
2
5
 
J
a
n
u
a
r
y
 
2
0
1
1



FI
G

. 6
. E

xp
er

im
en

ta
l c

hr
om

at
og

ra
m

s 
of

 tu
rk

ey
 e

gg
 w

hi
te

 ly
so

zy
m

e 
[w

ith
 lo

ad
s o

f 0
.0

2,
1,

7,
15

, 
an

d 
30

 m
g;

 (a
)-

(e
)]

, c
hi

ck
en

 e
gg

 w
hi

te
 ly

so
zy

m
e 

[w
ith

 
lo

ad
s o

f 0
.0

2,
1,

7,
15

, a
nd

 3
0 

m
g;

 (f
)-(

i)j
, 

an
d 

1:
l m

ix
tu

re
s o

f b
ot

h 
ty

pe
s o

f l
ys

oz
ym

e 
[w

ith
 lo

ad
s 

of
 0

.0
2,

1,
7,

 a
nd

 1
5 

m
g 

fo
r e

ac
h 

co
m

po
ne

nt
; (

k)
-(

n)
] a

s 
ob

ta
in

ed
 o

n 
a 

H
A

 c
ol

um
n 

w
he

n 
L 

=
 3

 + 
10

 =
 1

3 c
m

,g
b)

 =
 6

.94
 m

M
/m

L 
&

#
I =

 1
 cm

) =
 2

.5 
m

M
/m

L]
 a

nd
 

=
 1

 m
M

. O
th

er
 e

xp
er

im
en

ta
l c

on
- 

di
tio

ns
 a

re
: f

lo
w

 ra
te

 =
 0

.5
 m

L/
m

in
, P
 =

 1
.6-

2.5
 M

Pa
, T

 =
 2

3.
5-

26
.5

"C
. F

ill
ed

 a
nd

 u
nf

ill
ed

 c
irc

le
s i

n 
Pa

rt
 (n

) r
ep

re
se

nt
 th

e 
co

nt
rib

ut
io

ns
 o

f t
ur

ke
y 

an
d 

ch
ic

ke
n 

ly
so

zy
m

es
 to

 th
e 

to
ta

l c
hr

om
at

og
ra

m
 a

s 
es

tim
at

ed
 o

n 
th

e 
ba

si
s 

of
 t

he
 r

ec
hr

om
at

og
ra

ph
y 

ex
pe

rim
en

t, 
re

sp
ec

tiv
el

y.
 

D
o
w
n
l
o
a
d
e
d
 
A
t
:
 
1
2
:
5
1
 
2
5
 
J
a
n
u
a
r
y
 
2
0
1
1



420 KAWASAKI AND NllKURA 

(D) have been used. As far as the parameter 8 (Eq. 11) is concerned, the 
values of 0.4 kcal/mol and 0.2 kcal/mol at 25°C have been used for the 
turkey and the chicken lysozyme systems [Figs. 7(a)-(e) and Figs 7(f)-Cj)] 
in order to have best fits with the experiment, respectively (cf. Fig. 8); for 
the 1:l mixtures of the two types of lysozyme, the average value, 0.3 kcal/ 
mol has been assumed [Figs. 7(k)-(n)]. It can be seen in Fig. 7 that the 
potassium or the phosphate molarity at which a chromatogram begins 
migrates toward the low molarity as the sample load increases; the width 
of the chromatogram increases, and the total shape of the chromatogram 
tends to be a shape close to a right-angled triangle with tailing at the same 
time in parallel with the experiment (Fig. 6). [When too large an amount 
of molecules is loaded on the column, however, the shape of the theoreti- 
cal chromatogram deviates from that of the experimental one. For in- 
stance, cf. Figs 7(e) and 7Cj) with Figs. 6(e) and 6cj), respectively. Also see 
Fig. 8(b) and the Discussion Section.] 

Figures 7(d'), 7(i'), and 7(n') illustrate theoretical chromatograms that 
correspond to those in Figs. 7(d), 7(i), and 7(n), or those in Figs. qd),  qi), 
and q n )  obtained on the basis of the amorphous phase model using Eqs. 
(5)-(7), (lo)-( 13), and (15)-(20), respectively; for the parameters involved 
in the equations, the same values as those used for the calculation for Figs. 
7(d), 7(i), and 7(n) have been assumed. It can be seen in Figs. 7(d'), 7(i'), 
and 7(n') that the total shapes of the chromatograms are close to a rec- 
tangle rather than a right-angled triangle, in disaccordance with the ex- 
periment (Fig. 6). 

The points in Fig. 8 are experimental plots of (a) mdu(p) and (b) qP) for 
turkey and chicken lysozymes (represented by filled and unfilled circles, 
respectively) versus sample load obtained when the two types of molecule 
are loaded independently on the column; the mdu(p) value has been es- 
timated by interpolating the undisturbed parts of the molarity gradient if 
the gradient is apparently disturbed (cf. Fig. 6). The experimental con- 
ditions used in Fig. 8 are similar to those applied in Fig. 6, and most of the 
experimental points in Fig. 8 correspond to the experimental chromato- 
grams in Figs. 6(a)-(j). The continuous and the dotted curves in Fig. 8 are 
theoretical, calculated on the basis of the quasi-crystalline phase model 
for turkey and chicken lysozyme, respectively; for the parameter 8, three 
values of 0.3,0.4, and 0.5 kcal/mol at 25°C have been assumed for turkey 
lysozyme, and three values of 0.1,0.2, and 0.3 kcal/mol at 25°C for chicken 
lysozyme. It can be seen in Fig. 8(a) that, for the behavior of mdu(p good 
fits between the theory and the experiment are obtained when d= 0.4 
kcal/mol and l? = 0.2 kcal/mol for turkey and chicken lysozyme, respec- 
tively. As far as the behavior of qP) is concerned, however, approximate 
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FIG. 8. Points: Experimental plots of (a) m,lu(p) and (b) qP) for turkey (0) and chicken (0) egg 
white lysozymes versus sample load obtained when the two types of lysozyme are loaded in- 
dependently on the column. Experimental conditions are: L = 3 + 10 = 13 = 6.94 
mM/mL kip,(@ = 1 cm) = 2.5 mM/mL\, min(P) = 1 mM, flow rate = 0.5 mL/min, P = 1.6-2.5 
MPa, T = 20.0-29.0"C. Continuous curves: Theoretical curves calculated on the basis of the 
quasi-crystalline phase model for turkey egg white lysozyme assuming ,?? = 0.3,0.4, and 0.5 
kcal/mol at 250°C. Dashed curves: Theoretical curves calculated on the basis of the quasi- 
crystalline phase model for chicken egg white lysozyme assuming E? = 0.1.0.2, and 0.3 kcal/ 

mol at 250°C. For details, see text. 
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fits between the theory and the experiment can be obtained only when the 
sample load is small enough (i.e., when it is less than about 15 mg); when 
too large an amount of molecules is loaded on the column, the theoretical 
curves deviate from the experimental plots [see Fig. 8(b)]. This problem 
will be argued in the Discussion Section. 

DISCUSSION 

By introducing the quasi-crystalline phase model, theoretical chroma- 
tograms with shapes close to those of experimental chromatograms have 
been obtained when Z? = 0.2-0.4 kcal/mol [Figs. 7(a)-(n)]. It has also been 
confirmed that the change in shape of the theoretical chromatogram with 
a change in sample load occurs in parallel with the experiment [cf. Figs. 
7(a)-(n) with Fig. 61. These verify the theory of overload quasi-static linear 
gradient chromatography [Theoretical Section], and it can be deduced 
that a quasi-crystalline phase of lysozyme molecules, in fact, is realized on 
the HA surfaces in the column. 

It should be emphasized, however, that the quasi-crystalline phase 
model itself only represents the approximate feature of the molecules ad- 
sorbed on the adsorbent surface, provided Assumptions (a)-(e) in Appen- 
dix I hold good. It is therefore necessary to be very careful when interpret- 
ing the experimental result in terms of the model. For instance, in contrast 
to Assumption (d) in Appendix I, it would actually be possible that both 
the shape of an elementary domain and the relative geometrical relation- 
ship among the elementary domains vary with a change in total molecular 
density, x, on the adsorbent surface. Provided the variation proceeds 
slowly enough, however, Assumption (d) in Appendix I would hold ap- 
proximately. It can be suggested that the discrepancy between the theory 
and the experiment ocurring when too large an amount of molecules is 
loaded on the column [for instance, cf. Figs. 7(e) and 70’) with Figs. 6(e) 
and w), respectively] arises at least partially from the fact that the shape 
of an elementary domain and/or the relative geometrical relationship 
among the elementary domains actually change(s) slightly with an in- 
crease in total molecular density, x, on the adsorbent surface. 

The last half of Assumption (e) in Appendix I states that the probability 
that two molecules keep in contact with each other on the adsorbent sur- 
face is proportional to the molecular density occurring in the direction 
perpendicular to the active surface of a given molecule which is able to 
keep in contact with the surfaces of other molecules. It should be noted 
that this assumption is true provided the location of a given molecule oc- 
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curs at random in the direction under consideration on the adsorbent sur- 
face (Bragg-Williams approximation). Due to repulsive molecular in- 
teractions, however, the probability of the occurrence of the mean 
arrangement of the molecules on the adsorbent surface should be much 
higher than the probability that other arrangements occur. [This deduc- 
tion is adopted as Assumption (b) in Appendix I.] In other words, the 
probability that two molecules are separated to a certain extent should be 
much higher than the probability that they approach closely to each other. 
This means that the last half of Assumption (e) in Appendix I (see above) 
holds only approximately. Further, in connection with the argument 
above, it can be deduced that the value of 0.2-0.4 kcal/mol that has been 
estimated on the basis of Assumption (e) in Appendix I is apparent, and 
that it is (much) smaller than the actual value of the interaction energy per 
molecule occurring provided the maximum possible contact with other 
molecules is made on the adsorbent surface. If the phases of two neighbor- 
ing rows of elementary domains are staggered [as represented by Parts 
(a‘)-(c’) and (c”) of Fig. A1 in Appendix I], the apparent value would still 
be small in comparison with the actual value since, in this instance, the 
molecular density occurring in the direction pe endicular to the active 
surface of a given molecule is proportional to 7 x with a proportionality 
constant smaller than unity except when x is close to unity [cf. the ex- 
planation in brackets of Assumption (e) in Appendix I]. The deduction 
that the apparent l? value of 0.2-0.4 kcal/mol is (much) smaller than the 
actual value is reasonable since it would be necessary that the value be 
(much) larger than the order of the kT value or 0.6 kcal/mol at 25°C in 
order for the quasi-crystalline phase to be preferentially realized to the 
amorphous phase. 

Earlier (22), tacitly applying the quasi-crystalline phase model (charac- 
terized by Assumptions (a)-(e) in Appendix I], the apparent l? value of 3 
kcal/mol was obtained for the collagen molecule. Since a collagen 
molecule can be represented by a rod of dimensions 15 X 3000 A (22) in 
contrast to a lysozyme molecule which can be represented by a prolate 
spheroid of dimensions 45 X 30 X 30 A (221, the& value for collagen seems 
to be compatible with the corresponding value for lysozyme (0.2-0.4 kcal/ 
mol). For the estimation of the E value for collagen, a further assumption 
is involved concerning the property of the assembly of the molecules, 
however (see Ref. 22). 

D
o
w
n
l
o
a
d
e
d
 
A
t
:
 
1
2
:
5
1
 
2
5
 
J
a
n
u
a
r
y
 
2
0
1
1



OVERLOAD GRADIENT CHROMATOGRAPHY 425 

APPENDIX I : SPECIFICATION OF THE QUASI-CRYSTALLINE 
PHASE MODEL (11) 

With regard to the quasi-crystalline phase model originally introduced 
in an earlier paper (11) (cf. the Introduction Section), an  additional ex- 
planation is given below. Thus, in Fig. A1 the squares with a bold outline 
(each of which represents a molecule) schematically depict several types 
of the mean geometrical arrangement of the molecules on the adsorbent 
surface, constituting several types of the quasi-crystalline phase. The illus- 
tration in Fig. A1 is made for the case when all the molecules have the 
same dimensions and the same shape, and, as far as molecules with any 
asymmetrical shape are concerned, the main axis of any molecule is 
orienting in the abscissa direction; the abscissa scale of the diagram is 
reduced in order that a molecule appears as if it were symmetrical in 
shape (as schematically represented by a square). Therefore, the mole- 
cular interaction occurs mainly through side faces of the molecules that 
are parallel to one another. 

The quasi-crystalline phase of the molecules as generating (Eq. 14) 
would be realized if the following assumptions are fulfilled: 

(a) The molecular densities in the abscissa and the ordinate direction 
on the adsorbent surface are virtually equal to each other on average. 
Here, the molecular density means the proportion of the part of the adsor- 
bent surface that is occupied by the molecules. 

(b) Given the total molecular density, x, on the adsorbent surface, the 
probability of the occurrence of the mean arrangement of the molecules 
[as represented by Fig. Al; cf. Assumption (c)] is much higher than the 
probability that other molecular arrangements occur. 

(c) The mean molecular arrangement on the adsorbent surface is made 
in such a way that the total adsorbent surface can be divided into equal 
elementary domains in each of which a single molecule is involved. 

(d) Both the shape of an elementary domain and the relative geometri- 
cal relationship among the elementary domains [cf. Assumption (c)] are 
similar if the total molecular density, x, on the adsorbent surface changes. 
[Parts (a)-(c) of Fig. A1 represent the case when the phases between any 
rows of elementary domains occurring in the abscissa direction are equal 
to one another, independent of the total molecular density, x, on the ad- 
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( a )  ( b )  

(a’) 

..............., ..... ..,........ o$-Jio;~: 

....... ,- ., .......,... _._, 

.. ...., .......,................ 

............................... 

(b’) 
, ... ...-........................ 

..................................... 
. ~. ................................. 

( C )  
............,...........,.. ........ 

i - J ; - J - J i  

.................................... 

(C’) 
, ..................... ..,............ 

.................................... 

( c”) 
,....... ....,...........,...........,..........., 

............................................... 

FIG. Al. Schematical representation of the quasi-crystalline phase model. For details, see 
text. 
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sorbent surface, decreasing in the order of (a+(b)+(c). Parts (a‘)-(c‘) rep- 
resent the case when the phases of two neighboring rows of elementary 
domains are staggered by a factor of 1/2 the size of an elementary domain; 
Part (c”) is the case when the stagger occurs by a factor of 1/3 the size of an 
elementary domain.] 

(e) The energetic molecular interaction occurs only when two molecules 
keep in contact with each other, and the probability that two molecules 
keep in contact with each other on the adsorbent surface (being propor- 
tional to the interaction energy on average with respect to time per molecule) 
is proportional to the molecular density occurring in the direction perpen- 
dicular to the active surface of a given molecule which is able to keep in 
contact with surfaces of other molecules. [In Fig. A1 the height of a 
shadowed rectangle is inversely proportional to the molecular density oc- 
curring in the direction perpendicular to the active surface of the given 
molecule that is parallel to the abscissa direction; with molecules with an 
asymmetrical shape, the active surface corresponds to side faces of the 
molecules that are parallel to one another. If the phases between any rows 
of elementary domains are always equal to one another, as is the case with 
Parts (a)-(c) of Fig. A1 (cf. Assumption (d)), then the molecular density oc- 
curring in the direction perpendicular to the active surface of the given 
molecule is proportional to fi with a proportionality constant equal to 
unity. If the phases of two neighboring rows of elementary domains are 
staggered, then the corresponding molecular density is proportional to & 
with a proportionality constant smaller than unity. In fact, under the 
situation represented by Parts (b‘) and (c’) of Fig. Al, the proportionality 
constant is equal to 1/2. In this latter case, however, the molecular density 
under consideration is exceptionally disproportional to &when x tends 
to its maximum value of unity; see Part (a’) of Fig. Al.] 

Both Assumptions (d) and (e) are argued in detail in the Discussion 
Section. The arguments above that have been made on the basis of the il- 
lustration in Fig. A1 can be extended to cases where the molecules are 
heterogeneous in both dimensions and shape if further assumptions 
are added. 

APPENDIX II: RELATIONSHIP WITH THE EARLIER THEORY (77) 

The asymptotic expression of the theoretical chromatogram (Eqs. 6 and 
7) occurring provided 

D
o
w
n
l
o
a
d
e
d
 
A
t
:
 
1
2
:
5
1
 
2
5
 
J
a
n
u
a
r
y
 
2
0
1
1



428 KAWASAKI AND NllKURA 

E(pr) + kT In t(,,) = O(x') (A21 

and 

(cf. Eqs. 5-7 in Ref. ZZ) in the absence of longitudinal diffusion in the 
column has been derived in an earlier paper (11). The asymptotic 
chromatogram is independent of s or 9 ,  and it can be represented by Eq. 
(54) in Ref. 11 as 

lq(,+)-Mx$*= I x i p v ) ) l / k T  - 1 e 
j;p*)(m> = 0 (mie<m< 

'p 

in which 6 - l  represents the inverse function of <, and the sum C~.=lx(*,-) is 
defined to be zero; i) and qPr) are defined to be 

4 = B I X '  (A51 

and 
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(cf. Eq. 9), respectively. With the amorphous and the quasi-crystalline 
phase model fulfilling Eqs. (13) and (14), in Eq. (A4b) can be rewritten 
as 

and 

2cpkT . q(p-) - kT In (cpm + 1 )  
Ap,dm) = 7 cpm + 1 

respectively. 
Equations (A4a)-(A4c) can approximately be represented as 

'Due to both Eqs. (Al) and (A2). it is possible to define q(pe) simply as q(pp) = [E(pv, + kT 
In T(~,)]/X'. This definition of ~ ( ~ 9 )  is applied in Eq. (13) in Ref. 11. 
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430 KAWASAKI AND NllKURA 

which are equivalent to Eq. (77) in Ref. ZZ . With the amorphous and the 
quasi-crystalline phase model fulfilling Eqs. (13) and (14), Eq. (A9b) can 
be rewritten as 

and 

respectively. 
Provided the amount of sample molecules involved in an elementary 

volume of the column is small (as is the case with chromatography under 
small load conditions), the partition, B', of sample molecules (of the 
chromatographic component under consideration) in the mobile phase in 
the elementary volume can be represented as a function of molarity, m, of 
competing ions by using Eq. (29) in Ref. 17. This can be written as 

1 
1 + z-"' (A12)* - - 1 

B'(m)  = 
1 + q ( q m  + 

in which 

cpm + 1 z = -  
4 

The continuous and the dotted curve indicated byx' = 5.7 in Fig. A2 repre- 
sent the functions B'(rqK+) for turkey and chicken egg white lysozyme 

'Equation (A12) also appears as Eq. (44) in Ref. 4. 
t Z corresponds to yp,, in Ref. 11. In order to avoid the confusion with Vp&p$ in the 

present paper (see Eqs. 6,7, and lo), however, we use the symbol Z instead of Y. 
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1 
B' 

0.5 

0 
0 0.1 0.2 0.3 014 0.5 

rn (K+) (MI 
I I I I 

0 0.1 0.2 0.3 
(P>(M) 

FIG. A2. The continuous and the dotted curves indicated by x' = 5.7 represent the functions 
B'(m(K+)) for turkey and chicken egg white lysozyme calculated by using Eq. (A12). respec- 
tively. The continuous and the dotted curves indicated byx' = 15,x' = 50, andx' = m repre- 
sent those that have been obtained by increasing thex' value while keeping the q'"' or the q 
= (kT In q)/x' values equal to those for turkey and chicken lysozyme, respectively. On the 
abscissa, the qp) value in Buffer A, which is 2/3 the m(K+) value, is also shown. For details, 

see text. 

calculated by using Eq. (A12), respectively; for the values of the experi- 
mental parameters, 'p, x', and q involved in Eq. (A12), those that had 
finally been obtained in Experimental Section (D) have been applied. The 
continuous and the dotted curves indicated byx' = 15,x' = 50, andx' = OD 
in Fig. A2 represent those that have been obtained by increasing the x' 
value while keeping the ql'"' or the q = (kTln q)/x' (cf. Eq. A6) values equal 
to those for turkey and chicken lysozyme, respectively. When x' = a, B' is 
a step function of qK+) constituted of three parts: B' = 0 [ w I ( ~ + )  < (q""' - l)! 
q] ,  B' = 1/2 [ w z ( ~ + )  = (q'"' - l)/y], and B' = 1 [ w z ( ~ + )  > (q"" - l)/'p]. 

Figures A3 and A4 illustrate theoretical chromatograms for model 
molecules characterized by the curves in Fig. A2, obtained under overload 
conditions in the absence of longitudinal diffusion in the column; Figs. 
A3 and A4 have been calculated by using the amorphous and the quasi- 
crystalline phase model, respectively. Thus, Parts (a)-(e) of both Figs. A3 
and A4 represent single component chromatograms for molecules char- 
acterized by continuous curves indicated byx' = 5.7 ,~ '  = 15,x' = 50, and 
x' = Q) in Fig. A2, and Parts (a')-(e') in both Figs. A3 and A4 represent 
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x'=5.7 

x'=l5 

x'=50 

x'= 00 

:a) 

:b) 

(a') 

( C ' )  

(d') 

x' 

I 0.05 0.10 0.15 

, --.1 
0.05 0.10 0.15 0 0.05 0.10 0.15 0 

( P ) ( M )  ( P ) ( M )  

L '.20 

0.040 0.045 0.050 

(P)(M) 

FIG. A3. Theoretical chromatograms for the model molecules characterized by the curves 
in Fig. A2, obtained under overload conditions in the absence of longitudinal diffusion in 
the column; this has been calculated by using the amorphous phase model. For details, 

see text. 
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x'= 00 

1 (e') 

0.060 

FIG. A4. As for Fig. A3 but calculated by using the quasi-crystalline phase model. For details, 
see text. 
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double component chromatograms for 1: 1 mixtures of molecules with 
equal x’ values of 5.7, 15,50, and a; the two components of any mixture 
are characterized by continuous and dotted curves in Fig. A2, respectively. 
In both Figs. A3 and A4, Parts (a)-(c), (a‘)-(c’) have been calculated by 
using both Eqs. (6) and (7) whereas Parts (d) and (d‘) and Parts (e) and (e’) 
have been calculated by using Eqs. (A4a)-(A4c) and (A9a)-(A9c), respec- 
tively. Other assumptions for the calculation of the theoretical chromato- 
grams in both Figs. A3 and A4 are as follows. Thus, in any part of the 
figures, the total amount, 1((*,., or ZPp.-,x&, of molecules loaded on the 
column is equal to that assumed for the calculation of Figs. 7(d), 7(i), 7(n), 
7(d‘), 7(if), and 7(n’). The fi values (see Eq. A5) in Parts (a)-(e) and Parts 
(a’)-(el) are equal to those assumed for the calculation of Figs. 7(d) and 
7(d‘) and Figs. 7(n) and 7(n’), respectively. This means that the theoretical 
chromatograms in Figs. A3(a), A3(a’), A4(a), and Aqa’) represent those in 
Figs. 7(d’), 7(n‘), 7(d), and 7(n) which should be realized provided there is 
no longitudinal diffusion in the column, respectively. 

It can be seen in Parts (a)-(d), (a’)-(d’) of both Figs. A3 and A4 how 
theoretical chromatograms calculated on the basis of both Eqs. (6) and (7) 
approach asymptotically those calculated by using Eqs. (A4a)-(A4c) with 
an increase in x‘, provided that Eqs. (A1)-(A3) are fulfilled. Further, 
chromatograms that are virtually identical with those shown in Parts (d) 
and (d’) of both Figs. A3 and A4 can be calculated by using both Eqs. (6) 
and (7) when x’ = 2000. 

In Ref. Zl the total shape of the theoretical chromatogram was argued 
on the basis of Eqs. (A9a)-(A9c) (to be precise, the relative expression of 
Eqs. (A9a)-(A9c); see Eq. 77 in Ref. ZZ) rather than Eqs. (A4a)-(A4c). By 
comparing Parts (d) and (d’) (obtained on the basis of Eqs. A4a-A4c) and 
Parts (e) and (e’) (obtained on the basis of Eq. A9) of both Figs. A3 and A4, 
it can be understood that the total shape of the theoretical chromatogram 
is conserved nearly constant despite the approximation by Eqs. (A9a)- 
(A9c) for Eqs. (A4a)-(A4c) although the elution molarity changes con- 
siderably; this assures the validity of the argument made in Ref. Zl. [It 
should be noted that Figs. A3(e), A3(e’), A4(e), and A4(e‘) correspond to 
Figs. A10, A14, All ,  and A15 in Ref. ZZ, Appendix 111, respectively.] 
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